Ionization of light atoms and ions during the nuclear β − -decay is considered. To determine the final state probabilities of electron ionization we have developed a procedure based on the natural orbital expansions for the bound state wave functions of all atoms/ions involved in this process. *
I. INTRODUCTION
In our earlier studies (see, e.g., [1] , [2] , [3] and references therein) we considered atomic excitations during the nuclear β − -decay in light, few-electron atoms and ions. In general, this process is written in the form
where the symbols X and Y designate two different chemical elements (isotopes) with equal (or almost equal) masses. Below, these sybmols X and Y are used to designate the both atoms/ions and the corresponding atomic nuclei. If Q is the electric charge of the incident nucleus X, then the nuclear charge of the final nucleus Y is Q + 1. In Eq.
(1) and everywhere below the notation e − (β) stands for the fast electron (or β − -electron) emitted from the nucleus during the nuclear β−decay, while ν designates the electron's anti-neutrino. In [1] - [3] we discussed the bound-bound transitions between the incident and final states in fewelectron atoms and/or ions. In [1] - [3] we assumed that the incident atom was in one of its bound state and the final ion is also formed in one of its bound states. In the case of the decay, Eq.(1), the incident atom and final ion contain the same numbers of bound electrons and this fact can be used to simplify numerical computations of the final state probabilities.
In particular, in [3] we have found that β − -decays of the 8 Li and 9 Li atoms in ≈ 85 % of all cases lead to the formation of the three-electron Be + ion Li → Be + + e − (β) + ν
in a variety of bound states. The final state probabilities, i.e. probabilities to form different bound states in the Be + ion during the nuclear β − -decay of the three-electron 8 Li and 9 Li atoms have been accurately evaluated in [3] .
Here we consider other atomic processes during the nuclear β − -decay in atoms and ions.
The most important of such processes is the 'additional' ionization of the final ion [4] , [5] .
The general equation for this process takes the form:
where the notation e − stands for the slow (atomic) electron formed in the unbound spectrum during the reaction, Eq.(4), while the notation e − (β) designates the fast β − electron. Note that now the final Y 2+ ion has larger electric charge (+2), than the Y + ion formed in the reaction, Eq.(1). In the case of β − -decay of the 8 Li and 9 Li atoms such an 'additional' ionization of the three-electron Be + ion has ≈ 15 % probability. The process is written in the form
In some earlier works on β − −decay in many-electron atoms the emited atomic electrons were called and considered as the 'secondary' electrons, or δ−electrons. Analogous processes of 'additional' electron ionization proceed in any β ± −decaying atom/ion. The corresponding probabilities of an 'additional' ionization of the Be + ion can be measured and used for complete description of atomic excitations during the nuclear β ± -decay in few-electron atoms
and molecules. Further analysis shows that the secondary electron from the process, Eq.(4), can be detected in different spin states. In an ideal case we can observe such an electron either in the α−spin state, or in the β−spin state where the notations α and β are used to designate spin-up and spin-down wave functions, respectively (see, e.g., [6] ). Since the total electron spin of the incident atom is conserved during the nuclear β ± −decay in few-electron atom (see below), we can conclude that the final Be 2+ ion arising after the reaction, Eq.(4), can be found in one of its singlet S e = 0, or triplet S e = 1 states. Here the notation S e stands for the total electron spin. In general, the final ion arising during the nuclear β ± −decay of the neutral atom is always formed in one of the two possible spin states and the difference of the spin values for such states equals unity, i.e. ∆S e = 1.
In reality, the last statement often means double ionization of the final ion arising during the nuclear β ± -decay. Indeed, consider, for instance, the β − −decay of some neutral atom which has four electrons on its outer-most electron shells. Ionization during this nuclear β − -decay leads to the formation of an ion with three electrons on its outer-most shells.
The electron configuration of such an ion corresponds to either doublet spin-state (e.g., 2 S−state), or quartet spin-state (e.g., 4 S−state). But it is well known that all quartet spin states in ions with three bound electrons on the outer-most shells are unstable. In general, such states decay with the emission of one (additional) electron and formation of another ion with the two electrons on its outer-most shells. This simple example illustrates a general experimental situation: some final states in ions arising after the nuclear β − −decay with additional electron ionization, Eq.(3), are unstable and they can only be stabilized by emitting one additional electron. In other words, the ionization during the nuclear β ± -decay can lead, in principle, to very substantial electronic reconfiguration in the final ion. In contrast with this the process, Eq.(2), usually produces a very few minimal changes in the electronic structure of the arising ion in comparison to the incident atom.
Our main goal in this study is the analysis of electron ionization during the nuclear β − -decay of light atoms and ions. The first problem is analytical and/or numerical calculations of the overlap integrals which are included in expressions for the probability amplitudes M if (see below). Formulas for these overlap integrals are discussed in the next Section. In Section III we discuss construction of accurate wave functions for few-electron atoms/ions and wave function of the free electron moving in the Coulomb field. Actual calculations of these integrals are considered in Section IV. In that Section we mention the two crucial trouble spots in such calculations. To avoid numerical problems related with these trouble spots we developed an original approach which can be used in calculations of the probability amplitudes M if . This approach is based on the use of natural orbital expansions for the incident and final wave functions of atomic systems which take part in the β − decay. In Appendix,
we discuss the problems related with a restricted accuracy of the sudden approximation which was applied earlier in many papers on the β ± -decay in atoms and molecules.
II. FINAL STATE PROBABILITIES
As is well known the velocities of β − -electrons (v β ) emitted during the nuclear β − −decay are significantly larger than usual velocities of atomic electrons v a . In particular, in light atoms we have v β ≥ 1000v a . This also true for the velocities of the secondary δ−electrons e − which can be emitted as 'free' particles during the reaction, Eq.(4), i.e. v β ≫ v δ . The inequality v β ≫ v a allows one to analyze the nuclear β − -decay in light atoms by calculating the overlaps of the non-relativistic atomic wave functions. Indeed, by using the sudden approximation we can write the following expression for the final state probability of the process, Eq. (2):
where the notation M if designates the probability amplitude. Here and below the fourdimensional variable x i for i-th electron designates combination of the three radial variables of this electron (r i ) and three spin variables s i , i.e. It does not contain any unclear moment which must be discussed in detail.
Analogously, we can write the following expression for the final state probability of the process, Eq. (4):
where the notations Ψ Li (x 1 , x 2 , x 3 ) and Ψ Be 2+ (x 1 , x 2 ) designate the wave functions of the incident Li-atom and final Be 2+ -ion, which contains only two bound electrons. The notation ψ e (x 3 ) in Eq. (6) stands for the wave function of a free electron which moves in the central, Coulomb field of the Be 2+ ion. All these wave functions can be considered as non-relativistic.
Also, without loss of generality we shall assume that all bound state wave functions arising in our equations for the amplitudes and probabilities have unit norm. Analytical and/or numerical calculation of the overlap integral, Eq. (6), is significantly more difficult problem than in the case of Eq.(5). It will be discussed in the next Section.
As mentioned above the velocity of the emitted β ± -electron (v β ) significantly exceeds the usual electron velocities in the both incident and final atoms. It follows from here that some conservation laws must be obeyed for any atomic transition during the nuclear β ± -decay of the few-and many-electron atom. In particular, the angular momentum L, spin S and spatial parity π of the wave function of the incident atom are always conserved during such a sudden process. For the angular momentum L of the final Be 2+ ion this selection rule allows one to predict some quantum numbers of the final Be 2+ ion. For instance, if the incident Li atom was in one of its L = 0 states, then the angular momenta of the final Be 2+ ion and free electron must be equal to each other. In other words, if the final Be 2+ ion was formed in the bound L-state, then the final (or 'free') electron is also moving out in the ℓ−wave, where ℓ = L. In general, if the incident atom was in the L i -state and final atom is found in one of its L f -states, then the final electron is emitted in the ℓ f -wave, where ℓ f equals one of
From here one can derive a number of useful selection rules which drastically simplify all numerical and analytical computations of the transitions probabilities in Eqs. (5) - (6) . The total number of non-zero few-body integrals which must be evaluated numerically and/or analytically is reduced to a relatively small values.
III. WAVE FUNCTIONS
To determine the final state probability P if , Eq.(6), one needs to use the explicit expressions for the wave functions of the incident Li atom and final Be 2+ ion and electron which moves in the Coulomb field of the heavy Be 2+ ion. For the ground 2 2 S(L = 0)−state of the Li atom such a wave function Ψ is written in the following general form (see, e.g., [7] , [8] )
where ψ L=0 (A; {r ij }) and φ L=0 (B; {r ij }) are the two independent radial parts (= spatial parts) of the total wave function. The notations α and β in Eq. (7) are the one-electron spinup and spin-down functions, respectively (see, e.g., [9] ). The notations A and B in Eq. (7) mean that the two sets of non-linear parameters associated with the radial functions ψ and φ can be optimized independently. Note that each of the radial basis functions in Eq. (7) explicitly depends upon all six interparticle (or relative) coordinates r 12 , r 13 , r 23 , r 14 , r 24 , r 34 , where the indexes 1, 2, 3 stand for the three electrons, while index 4 means the nucleus. In modern accurate computations of bound states the radial parts of the total wave functions, e.g., ψ L=0 (A; {r ij }) and φ L=0 (B; {r ij }) in Eq. (7) are usually represented by their Hylleraas series, e.g., for the ψ L=0 -functions
exp(−αr 14 − βr 24 − γr 34 ) (8) where the 'parameters' α, β and γ are varied in computations, but they are the same for all basis functions in the ψ-expansion, Eq. (8) . Three other such parameters can be found in the second term of Eq.(8), or φ-expansion. The presence of six non-linear parameters in Eq. (8) increases the overall flexibility of the method. However, it is not sufficient to provide very high accuracy for three-electron atoms and ions. Briefly, this means that any accurate trial functions Ψ({r ij }) L=0 , Eq. (7), must contain a very large number(s) N of basis functions.
In order to construct a very efficient variational expansion of the wave function of the three-electron atoms and ion in our earlier work [7] we have introduced an advanced set of radial basis functions for three-electron bound state calculations. In [7] such a bais set was called the semi-exponential, variational basis set. In general, the semi-exponential variational expansion of the radial function ψ L=0 (A; {r ij }) is written in the form explicit formula for the radial function φ kl (r) = φ kl (r 34 ) (in atomic units) is (see, e.g., [6] )
where ı is the imaginary unit, 1 F 1 (a, b; x) is the confluent hypergeometric function (see, e.g., [11] ) and C kl is the following factor
In old papers the C kl factor was called the Coulomb penetration factor. In these two equations the parameter Q is the electric charge of the remaining double-charged (positive) Be (12) is reduced to the unity.
With the use of Eq.(7.522.9) from [11] one finds the following expression for the overlap integral between the auxiliary orbitals r n exp(−γ n r) and the radial function φ kl (r) defined by Eq. (11):
The hypergeometric function in this equation can be transformed to its final form with the use of the formula, Eq.(9.131), from [11] 2 F 1 (a, b; c; z)
Finally, the formula, Eq. (13), takes the form
As follows from Eq. Here we cannot discuss all aspects of this interesting problem. Note only that there is an effective method which allows one to avoid problems related with diffent numbers of the essential variables in the incident and final wave functions. This method is based on the natural orbital expansions of all few-electron wave functions which can be found in the overlap integral, Eq.(6). Theory of natural orbital expansions has developed since the middle of 1950's by Löwdin (see discussion and references in [12] ). Below, we restrict ourselves to a very brief description of the natural orbital expansion.
In this method the radial wave functions are represented in the form of products of the natural orbitals χ k (r i ) = χ k (r iN ) (the symbol N stands here for the nucleus) which are some simple single-electron radial functions. In other words, we are looking for the best approximation of the actual wave functions by systems of functions which depend upon the electron-nucleus coordinates only. In our case for the three-electron Li-atom and two-electron Be 2+ ion we can write
respectively. Here χ n (r i ) and ξ
n (r i ) are the (atomic) natural orbitals constructed for the three-electron Li atom and two-electron Be 2+ ion (see, e.g., [13] , [14] ). The coefficients C n and B k are the coefficients of the natural orbital expansions for the Li atom and Be + ion, respectively. In general, these coefficients are determined as the solutions (eigenvectors)
of some eigenvalue problems. Note that each of these natural orbitals depends only upon the corresponding electron-nucleus coordinate r i (or r 4i in our notations). They do not include any of the electron-electron (or correlation) coordinates. By using the natural orbital expansions for the few-electron wave functions the explicit formula for the overap integral simplifies drastically (it is represented as the product of three one-dimensional integrals). In general, application of the natural orbital expansions for few-electron atomic wave function allows one to reduce calculations of the overlap integrals to a very simple procedure, e.g., for the process, Eq.(4), one finds
where φ kl (r 3 ) are the functions from Eq. (11) . In other words, computations of the overlap integrals are reduced to calculations of one-dimensional integer and products of such integrals. It is the main advantage of all methods based on the use of natural orbitals.
The second trouble spot follows from the fact that the explicit form of the wave functions of the bound and continous spectra in few-electron atomic systems are substantially different.
In many cases such differences lead to the appearence of integrals (see, e.g., Eq. (15) of these 'new' basis radial functions and vise versa (see, e.g., [5] ).
V. CONCLUSION
We have considered a number of problems which play a crucial role in calculations of the probabilities of atomic excitations during the nuclear β ± -decay. In contrast with our earlier studies here we discuss a possibility to observe 'additional' electron ionization during the nuclear β − -decay in few-electron atoms. We investigate a few different approaches which can be applied to calculate the overlap integrals in those cases when one of the final electron is 'free'. These overlap integrals are needed to determine the final state probabilities. It is shown that one of the best approaches to calculate such integrals is based on the use of natural orbital expansions for the bound state wave functions of the incident and final atomic systems.
Appendix
In this Appendix we discuss a few questions related to the accuracy of conservation laws for the nuclear β ± -decay in atomic systems. It is clear that the conservation laws for the nuclear β ± -decay in atomic systems mentioned in the main text are not exact, since they are based on the fact that the velocity of β − electron v β is significantly faster (in 300 -10,000 times faster) than the average velocities of atomic electrons v a . In the lowest order approximation upon the ratio τ = va v β , i.e., when τ = va v β = 0, these conservation laws obey rigorously. However, in the next order approximation upon τ , i.e. when the ratio τ is small, but τ = 0, these laws can only be considered as approximate. Experimental observation of possible deviations from the exact conservation laws are of great interest in some cases.
In reality, one finds deviations which are related with the direct (Coulomb repulsion) and spin-spin interaction between one atomic electron and fast β ± -particle. Another group of deviations simply simply follows from the fact that atomic electrons and fast β − -particle are the identical fermions. Therefore, there is a special 'exchange' interaction between these particles. For simplicity, below we shall consider only the β − nuclear decay in a few-electron atom and electron-electron interactions between atomic electrons and fast β − -electron. in this case means an obvious deviation from the 'rigorous' conservation laws which follow from the sudden approximation. Our current expectation to detect these 'non-conditional' atomic states in experiments is unity for ≈ 10, 000 − 17, 000 regular events.
Another possible experiment is even simpler. The goal is to detect fast and very fast δ−electron (or secondary electrons) which are formed during the nuclear β − -decay in fewelectron atoms. The kinetic energy of such electrons must be significantly larger than average energies of atomic electrons. In general, these fast electrons can be formed in the result of direct transfer of momentum from the β − -electron to the atomic electrons. The probability of 'similar' direct electron excitations is very small for one atomic electron (≈ 1 · 10 −7 ), but for atoms with N e electrons such a probability is N e times larger. In any case, possible observation of the fast δ−electron(s) will be a very interesting experimental event. The last experiment is a reliable observation of the post-decay radiation emitted during the nuclear β ± -decay in few-and many-electron atoms. First, note that the emitted (fast) β − electron udergoes an additional acceleration (or deceleration) when it leaves the atomic nucleus (see, discussion of this phenomenon in the Appendix A in [15] ). However, in actual atoms and molecules one finds a small additional acceleration related with β − -electron interactions.
However, any electron acceleration means the emission of radiation which can be registered in actual experiements. For few-electron light atoms the emitted radition which is related to the β − -electron interaction in post-decay ions can be registered at the radio and infrared
